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Carsten Decg Differentialrechnung
Differentialrechnung
Funktionen
X1 fi(x)
f: (DCR") - R" x=| ! |=fkx)= : i€[l...m] jell...n]
Xn Jm(X)
F2-(x) )
Jacobi-Matrix  J (£x)) = 25(x) = (ji;0) = (g’%(x)) = .. ﬁf' (x)
Ungy ... G

0x1 Oxp

m
Grenzwert lim (f(x)) = Z lim (f;(x)) e;
m i=1
Ableitung %(x) =3 jijei
- i=1

m n m n k
Differential ~ df(x) = >, 3 ji;dxje;  d*f(x) = 3 (z dxjaix/_) fi(x)e;
i=1 j=1 i=1 \j=1 -

Produktregel Quotientenregel Kettenregel Partielle Integration
b
%(uv):uv+uv %(%)z % %(u(v)) gﬁgﬁ fuvdt: [uv]Z—fu\'/dt
Nabla
Gradient grad (fi(x)) = Vf; = Z Jijej = hm ( # f,dA)
Jj=1 A=dV
m=n:

m
Divergenz  div(f(x)) =V -f = z i = 113})(% [ f-dA]
Laplace Af(x) = V*f = Z Z 6]”
i=1 j= 1

m=n=3:

J32 = J23

Rotation rot(f(x)):fo:[ j13 = Jai ]:m(% & dAxf] %im(mll ¢ f-ds]
J21 —J12

Identititen VX (V) =0 V-(Vxf)=0

Integralsatze

Differenz von Funktionswerten Integral Vektorfeld iiber Kurve Fluf3 Vektorfeld durch Fliche Volumentintegral

f(b) - f(a) [v(x)-dx [ wx) - dA [I] sx)av
S A Vv
Hauptsatz Stokes Gaul3
b
M) - f@ = [ v(x)-dx $ v(x)-dx = [[w(x)-dA & wx)-dA = [ gx)dv
s=a s=0A A A=8V \%
Bedingung Bedingung Bedingung

Vxv=0 & v=Vf V-w=0 & w=Vxv g=V-w
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Koordinatensysteme
Karthesisch Zylinder Kugel
X —00...00 p cos(p) r cos(yp) sin(i)
Vektoren y |=] —0...0 p sin(e) r sin(e) sin(19)
z —00...00 z rcos()
NE 0 0...00 rsin()
arctan(y) ¢ |=] 0...2n @
Z z —00...00 rcos()
Va2 +y2 422 o+ 2 r) (0.
arctan(%) 0 ¢ |=]0..2x
arctan(#) arctan( ) 9 0...m
dx do dr
Wegelement ds dy pde rsin(P)de
dz dz rdd
1 00 cos(p) —sin(p) O cos(p) sin(®®) —sin(p) cos(y) cos(})
Einheitsvektoren (ex e, ez) =10 1 0 sin(p)  cos(e) sin(p) sin()  cos(¢)  sin(p) cos(})
0 01 0 0 cos(1) 0 — sin(})
cos(p) sin(p) O 1 0 sin(}) 0 cos(i})
—sin(p) cos(p) O (ep e, ez) =10 1 0 1 0
0 0 1 00 cos()) 0 —sin(P)
cos(p) sin(®?) sin(yp) sin(¥) cos(P) sin(/) 0 cos(i}) 1 00
— sin(yp) cos(¢p) 0 1 0 (er e, eﬁ) =101 0
cos(¢) cos(F) sin(p) cos() — sin(F) cos()) 0 —sin(F) 0 0 1
Nabla
of of of
ax 9 ar
vs @ b e 3¢
of af 10f
9z 9z r a9
v-f %J; (?9};)‘ + % %%{”) + %% 9z %3(:92;;) rsirll(ﬁ) % rsirll(ﬁ) O(Sh:?(g)ﬁ?)
af. o 10f _ Ofe (6(sm(ﬂ)f¢ Bfa)
dy 0z p Op 0z rsm(ﬁ
vt raak - (%5 - %)
o _ oy l(M_%) _(;%_6(%))
Ox Jy P dp dp r \ sin(®) ¢ or
v gjcg + gjg + gig % pgpfl + 12 gig t oz grg tig sirll(ﬁ)z % ma(mg?%)
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Kurvendiskussion
Tangenteneinheitsvektor Hauptnormalenvektor Binormalenvektor

B(x0) = T(x0) X N(xo)

Hessematrix (symmetrisch)

fxlxl fxlxn

fxnxl fxnxn

= Minimum (Maximum)
= Sattelpunkt
= keine Aussage

i (xo) & (o)
— _dx — _dx
Two0) = 7atc,) NC0) = 1ot
Kriimmung Torsion Bogenlédnge
\2 m . 2
k(x) = 5 7(x) = -NE (&) = 2 (W)
=
Bahngeschwindigkeit Beschleunigung
, 2
4 (x) = LLOT(y) F ) = BWT@) + (L) *k@NE)
Tangente Normale
t(xo, 1) = f(xo) + AT(x0)  M(xp, ) = £(x0) + AN(x0)
Richtungsableitung Tangentialebene H(f(x)) =
L =vfx - & (x = Xp) - V(%0) = 0
Extremum
= df(xg)=0 & Vf(x9)=0 H (f(x)) positiv (negativ) definit
indefinit
sonst
Fehlerrechnung
x = Mittelwerte

INGSEDS
J

of .
0x; (X)I Ax) Ax; maximaler absoluter Fehler

Integrale

Parameterabhiéngige Integrale (Leibnitzsche Regel)

d " o df db d

& faDdx = [ e 0dx+ £, D) L) - fa), D) L)
a(d) a(d)

Kurvenintegral 1. Art & 2. Art

[ foodx = [ £ ) k@l de = [ (£x@0) 22 - &0dn) = [ vx(0) - %@t = [ v - dx
S s K K S

Flichenintegral 1. Art & 2. Art

[[ fx)dA = [[ f(x(s,0) [xg x X, dsdr = [[(f (X(s,0) 2555) - (% X x)dsdr) = [[ v (x(s,0) - (%, X x)dsdt = [ v(x) - dA
x5
A a a a A

Anwendungen
K b
Rotationskorper A=2n f vds = 2my,s V=n f y2dx = 2my A
0 a
Statisches Moment M = Y, m;d;
i

s K b b
S = (x;,7) =(§fxds,§fyds] = (%fxydx,ﬁfyzdx
0 0 a

Schwerpunkt
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Interpolation

Lagrange Newton

P(x) = Z Vi 1:[ g Pu) = 3 i 11 (x - x;)

i=

Trapezformel

b n—1
J fdx = h(% +3 yi) ff(x)dx = [ Yo+ Yn+2 2 ai +4 z Yaisl

=1 j=1

Simpsonsche Formel

nl

Schrittweises Integrieren y’ = f(x,y)

Euler-Verfahren

Yirr = Yk + hf (e, yi)

Runge-Kutta-Verfahren
Ykry = Yk + 2 (T + 2Tk + 2T + Tap)
T = f (%, yi)

Ty = f (xic+ 36 + 4T)

Differentialgelichungen

Y = g(0h(y)
v =1(3)
F(x,y',y") =0
F(n.y,y")=0

Y + p(x)y = g(x)y"

y = Yo mit h(yo) = 0

= fﬁy)dy = fg(x)dx +c
= | mdu =In(x) + ¢
= Fxuu)=0

= FQ,u,u’'u)y=0

=

u' + (1 =npu = (1 -n)g(x)

Lineare Differentialgleichungen

zo Fy® = p(x) = Q) sin(vx + B) exp(ux)

Wronski-Determinante #0 = y;..

W@l,yz,---,yn) =

fi = const

Charakteristisches Polynom

m k=1

=2 X jlxi eXp(/ljx)

j=0 i=0

P!

.y, Fundamentalsystem

Yn V1
#0

1 1
yoh y

PQ) = sz) —0="TI (1- )"

Jj=0

Tox = f(xk + 4y + %le)
Tar = f Ok + b,y + hT3)

y= fu(x c1)dx

f 0, Cl)dy X+

y= Zcz)’z+yp

’
Yn ¢

yn Cn

Yp = R, (x)xk exp(Ax) = (S o(x) sin(vx) + T, (x) cos(vx)) Xk exp(ux)

Inhomogen: Variation der Konstanten

0

p(x)



